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Assume that Ω is a bounded domain in RN (N  3) with smooth boundary ∂Ω . In
this work, we study existence and uniqueness of blow-up solutions for the problem
−p(u) + c(x)|∇u|p−1 + F (x,u) = 0 in Ω , where 2 p. Under some conditions related to
the function F , we give a suﬃcient condition for existence and nonexistence of nonnegative
blow-up solutions. We study also the uniqueness of these solutions.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we investigate the existence and uniqueness of nonnegative weak solution for the following p-Laplacian
problem
{−p(u)+ c(x)|∇u|p−1 + F (x,u) = 0 in D ′(Ω),
u/∂Ω = ∞, (1.1)
where Ω is a bounded domain with smooth boundary in RN and the operator p(u) = div(|∇u|p−2∇u) with p  2.
Problems like (1.1) are usually known in the literature as a boundary blow-up problems and its solutions named “blow-
up solutions” or “explosive solutions” or “large solutions” of Eq. (1.1)1. Precisely, by a solution of (1.1) we mean a positive
solution of (1.1)1 satisfying u(x) → ∞, as d(x, ∂Ω) → 0. Notice that many works have been devoted to study this kind of
problem. For p = 2, the ﬁrst work introduced by Keller and Osserman is the following problem
{
(u) = F (x,u) = g(x) f (u) in Ω,
u = ∞ on ∂Ω, (1.2)
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A. Hamydy / J. Math. Anal. Appl. 371 (2010) 534–545 535where g = 1 and f : [0,+∞) → [0,+∞) is a locally Lipschitz continuous function which is increasing. In [1] and [2] the
authors proved that the problem (1.2) has a blow-up solution if and only if
∞∫ ( s∫
0
f (t)dt
)− 12
ds < ∞. (1.3)
We also quote the paper [24], when g ∈ C(Ω) is nonnegative and satisﬁes the condition: For any x0 ∈ Ω ,
∃D ⊂ D ⊂ Ω such that x0 ∈ D and g(x) > 0, ∀x ∈ ∂D;
in this paper, Lair proved that the Keller–Osserman condition (1.3) remains still a necessary and suﬃcient condition for
that the problem (1.2) admits a blow-up solution. In addition, when Ω is a ball and g is non-decreasing nonnegative radial
weight, the problem was investigated by Bandle, Cheng and Porru in [6]. Recently, the existence for general bounded domain
was obtained by Kim [20] but only for f (u) = uq and q ∈ (1, NN−2 ), N  2. In [25] and [26], Melián considered the questions
of existence, boundary behavior and uniqueness of boundary blow-up solutions under the following condition: there exist
positive constants C1,C2 > 0 and γ1, γ2 > −2 such that
C1d
γ2(x) g(x) < C2dγ2(x),
where d(x) = d(x, ∂Ω).
M. Ghergu and V. Raˇdulescu [21–23] studied the existence and nonexistence results for boundary blow-up solutions,
which can be obtained to the elliptic equation
pu + |∇u| = g(x) f (u) in Ω
and to the system{
u + |∇u| = g1(x) f1(v) in Ω,
v + |∇v| = g2(x) f2(u) in Ω,
where f , f1 and f2 satisfy a sub-linear growth condition at inﬁnity.
Notice that important subjects were devoted to the question of existence and uniqueness, symmetry, convexity and
asymptotic boundary behavior of blow-up solutions and led to several papers (see for example [3–6,12,27,28]). For p  2,
Mohammed [17,18] considered the problem{
p(u) = F (x,u) = g(x) f (u) in Ω,
u = ∞ on ∂Ω, (1.4)
where f : [0,+∞) → [0,+∞) is non-decreasing, f (0) = 0, f (s) > 0 for s > 0 and g ∈ C(Ω). The author proved that a
suﬃcient condition for existence of solution of the problem (1.4) is the generalized Keller–Osserman condition:
∞∫ ( s∫
0
f (t)dt
)− 1p
ds < ∞. (1.5)
Recently, Mohammed [30], Huang and Tian [31] studied the asymptotic behavior of solution for the problem (1.4). We
note that more blow-up problems have also been considered extensively by several authors (see [11,13–16,29,12] and the
references therein).
Throughout this work we assume that c ∈ L∞(Ω) and F satisﬁes the following condition:
( f ) For every x ∈ Ω , F (x, .) : [0,∞) → R is non-decreasing and for any λ > 0,
α(λ) := inf
u0
(
F (x,u + λ)− F (x,u))> 0.
Moreover, for every u  0, F (.,u) : Ω → R is continuous.
Remark 1.1. By a simple calculation we show that for every a > 1,
Xp−1 − 1
(
a
a − 1
)p−2
(X − 1)p−1 + ap−2 − 1, as soon as X  a.
536 A. Hamydy / J. Math. Anal. Appl. 371 (2010) 534–545Then, |∇u||∇v|  a > 1 implies∣∣|∇u|p−1 − |∇v|p−1∣∣ ( a
a − 1
)p−2
|∇u − ∇v|p−1 + (ap−2 − 1)|∇v|p−1, (1.6)
where u, v ∈ W 1,p(Ω).
This work is organized as follows: Section 2 – preliminary results. Section 3 – existence, nonexistence and uniqueness of
blow-up solution. Section 4 – examples.
2. Preliminary results
We consider the following classical problem{−(u) = 1, x ∈ Ω,
u = 0, x ∈ ∂Ω. (2.1)
We know that the problem (2.1) has a solution u0 ∈ C2+α(Ω)∩ C2(Ω), α > 0. Let v0 be a solution of the following problem{−p(v0) = 1, x ∈ Ω,
v0 = 0, x ∈ ∂Ω. (2.2)
We take H = ∇u0 ∈ Cα(Ω), then div(|∇v0|p−2∇v0 − H) = 0. Moreover, by Guedda and Véron [8] v0 is bounded. Then
v0 ∈ C1,α(Ω) (see [9]) and strong principle maximum gives v0 > 0 in Ω .
We introduce some useful notation. Let p > 1 and let W 1,p(Ω) be the usual Sobolev space. We denote by ‖.‖p the norm
of Lp(Ω) and by ‖.‖∞,Ω the norm of L∞(Ω). Deﬁne
p′ =
{ p
p−1 if p < ∞,
1 if p = ∞, p
∗ =
{ Np
N−p if p < N,
∞ if p  N,
and
λ∞ = sup
x∈Ω
{
2(p − 1)v0|∇v0|p + (p − 1)|∇v0|p + v20 + |c|v20|∇v0|p−1
}
. (2.3)
Consider the problem{
p(u) = h(x,u,∇u), x ∈ Ω,
u = 0, x ∈ ∂Ω. (2.4)
Now, we give the result of existence of weak solutions of the problem (2.4), which is due to M.C. Leon (see [19, Theo-
rem 2.2]).
Theorem 2.1.We assume the following conditions:
(H1) there exists an ordered pair α  β of sub- and super-solution of (2.4).
(H2) |h(x, s, η)| < K (x)+ a|η|r , x ∈ Ω , ∀s: α(x) s β(x) and ∀η ∈ RN where
K ∈ Lt(Ω), t > (p∗)′ and 0 r  p
(p∗)′
.
Then the problem (2.4) has at least one solution in W 1,p0 (Ω) between α(x) and β(x).
Another result that we will need is the interior regularity for weak solution to quasi-linear equation. It is due to
DiBenedetto and Tolksdorf [7,10].
Theorem 2.2. Suppose h(x, t, η) is a measurable in x ∈ Ω and continuous in t and η such that |h(x, t, η)| < Γ (1 + |η|)p−1 on
Ω × R × RN . Let u ∈ W 1,p(Ω) ∩ L∞(Ω) be a weak solution of p(u) = h(x,u,∇u). For every y ∈ Ω and for every ball B(y, R)
in Ω , with R ∈ (0,1), there are an α > 0 and a constant C depending only on n, p, R, Γ and ‖u‖∞,Ω such that∣∣∇u(x) − ∇u(x′)∣∣< C ∣∣x− x′∣∣α,
|∇u| < C, (2.5)
for any x, x′ ∈ B(y, R).
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The main purpose of this section is to introduce some suﬃcient conditions for existence, nonexistence and uniqueness
of blow-up solutions. First, we start with the maximum principle result which we will need later. Let L : W 1,p0 (Ω) →
W−1,p
′
0 (Ω) be the operator deﬁned by
L(u) = −p(u)+ c(x)|∇u|p−1 + F (x,u).
We say that the maximum principle holds for L, if for every u, v ∈ W 1,p(Ω) such that L(u) L(v), in Ω and u  v on ∂Ω,
we have u  v in Ω .
Theorem 3.1 (Maximum principle). Let u, v ∈ W 1,p(Ω) satisfy the respective inequalities{
L(v) L(u) in Ω,
v  u on ∂Ω.
If |∇u| and |∇v| ∈ L∞loc(Ω), then v  u in Ω .
Proof. We suppose that |{x ∈ Ω, v(x) − u(x) > 0}| = 0. For n ∈ N∗ , we deﬁne
Ωn =
{
x ∈ Ω/v(x)− u(x) > λn
}
,
where
λn =
{
λ− 1n if λ < ∞,
n if λ = ∞
with λ = esssupx∈Ω {v(x)− u(x)}. Set
Ω ′n =
{
x ∈ Ω/∇v = ∇u, v(x) − u(x) > λn
}
,
G(a) :=
{
x ∈ Ω ′n, |∇u| a|∇v|
}
,
G˜(a) :=
{
x ∈ Ω ′n, |∇v| a|∇u|
}
and
L(a) :=
{
x ∈ Ω ′n, a|∇u| > |∇v| >
1
a
|∇u|
}
,
where a > 1. It is easy to see that
w(x) = (v − u − λn)+(x) = sup
{
0, v(x) − u(x)− λn
} ∈ W p0 (Ω).
Using (1.6), we obtain that∫
Ωn
∣∣c(x)|∇u|p−1 − c(x)|∇v|p−1∣∣w = ∫
Ω ′n
|c|∣∣|∇u|p−1 − |∇v|p−1∣∣w
 ‖c‖∞,Ω
(
a
a − 1
)p−2( ∫
G˜(a)
|∇w|p−1w +
∫
G(a)
|∇w|p−1w
)
+ (ap−2 − 1)‖c‖∞,Ω( ∫
G˜(a)
|∇u|p−1w +
∫
G(a)
|∇v|p−1w
)
+ ‖c‖∞,Ω
∫
L(a)
∣∣|∇u|p−1 − |∇v|p−1∣∣w.
Note that a|∇u| > |∇v| > 1a |∇u| implies that∣∣|∇u|p−1 − |∇v|p−1∣∣ (ap−1 − 1)|∇v|p−1.
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Ω ′n
∣∣c(x)|∇u|p−1 − c(x)|∇v|p−1∣∣w  ‖c‖∞,Ω( a
a − 1
)p−2 ∫
Ω ′n
|∇w|p−1w + (ap−2 − 1)‖c‖∞,Ω ∫
Ω ′n
|∇u|p−1w
+ (ap−2 + ap−1 − 2)‖c‖∞,Ω ∫
Ω ′n
|∇v|p−1w. (3.1)
Fix n0 ∈ N. From |∇u|, |∇v| ∈ L∞loc(Ω), Ω ′n0 ⊂ Ω and α(λn0) > 0, we obtain that there is a0 > 1 such that
Φ := (ap−20 + ap−10 − 2)‖c‖∞,Ω |∇v|p−1 − α(λn0)+ (ap−20 − 1)‖c‖∞,Ω |∇u|p−1  0 (3.2)
a.e. in Ω ′n0 . Let n > n0. Using the fact that 〈L(u) − L(v),w〉 0, (3.1) and Lemma 1 [10], we ﬁnd that there is γ0 > 0 such
that
γ0
∫
Ω ′n
|∇w|p dx ‖c‖∞,Ω
(
a0
a0 − 1
)p−2 ∫
Ω ′n
|∇w|p−1w + (ap−20 − 1)‖c‖∞,Ω ∫
Ω ′n
|∇u|p−1w
+ (ap−20 + ap−10 − 2)‖c‖∞,Ω ∫
Ω ′n
|∇v|p−1w −
∫
Ω ′n
α(λn)w.
We deduce, from α(λn0) α(λn), that
γ0
∫
Ω ′n
|∇w|p dx
∫
Ω ′n
Φw + ca0
(∫
Ω ′n
|∇w|p
) p−1
p
(∫
Ω ′n
wp
) 1
p
,
where ca0 = ‖c‖∞,Ω( a0a0−1 )p−2.
In view of Ωn ⊂ Ωn0 and (3.2), we get that
γ0
(∫
Ω ′n
|∇w|p dx
) 1
p
 ca0
(∫
Ω ′n
wp
) 1
p
. (3.3)
Choose NpN+p < θ <min{N, p}. By Sobolev’s theorem, we have(∫
Ω
wθ
∗
dx
) 1
θ∗
 C
(∫
Ω
|∇w|θ dx
) 1
θ
,
then (∫
Ω ′n
wθ
∗
dx
) 1
θ∗
 C
(∫
Ω ′n
|∇w|θ dx
) 1
θ
;
using this inequality and Holder’s inequality, we obtain(∫
Ω ′n
wθ
∗
dx
) 1
θ∗
 C
(∫
Ω ′n
|∇w|p dx
) 1
p ∣∣Ω ′n∣∣ 1θ − 1p ,
and from (3.3), we have(∫
Ω ′n
wθ
∗
dx
) 1
θ∗
 C
(∫
Ω ′n
|w|p
) 1
p ∣∣Ω ′n∣∣ 1θ − 1p ,
therefore(∫
′
wθ
∗
dx
) 1
θ∗
 C
(∫
′
|w|θ∗
) 1
θ∗ ∣∣Ω ′n∣∣ 1θ − 1θ∗ .Ωn Ωn
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1 C
∣∣Ω ′n∣∣ 1θ − 1θ∗ →0, as n → ∞,
which is impossible. 
Lemma 3.2. Let u ∈ W 1,p(Ω) be a function which satisﬁes L(u) = 0, in Ω . If u ∈ L∞loc(Ω), then |∇u| ∈ L∞loc(Ω).
Proof. Let G be a compact subset of Ω . There is a sub-domain Ω ′ such that G ⊂ Ω ′⊂ Ω ′⊂ Ω . Then, G ⊂⋃x∈G B(x, rx) ⊂ Ω ′ ,
rx ∈ (0,1). So, G ⊂⋃x∈G B(x, rx2 ) ⊂ Ω ′ , with B(x, rx2 ) ⊂ Ω ′ . Since G is compact, we have that there is B(xi, ri), i = 1, . . . ,k′ ,
with ri ∈ (0,1) such that G ⊆⋃ B(xi, ri) ⊆ Ω ′ . Now, we put (see [17])
h(x, t, η) =
{
|η|p−1 + F (x, t) if t  ‖u‖∞,Ω ′ ,
|η|p−1 + F (x,‖u‖∞,Ω ′) if t > ‖u‖∞,Ω ′ .
Hence ∣∣h(x, t, η)∣∣[‖c‖∞,Ω ′ + M ′](1+ |η|)p
with
M ′ = sup
x∈Ω ′
F
(
x,‖u‖∞,Ω ′
)
.
Notice that
p(u) = h(x,u,∇u) in Ω ′.
Then, Theorem 2.2 implies that |∇u| < ci in B(xi, ri). Therefore,
|∇u| <max{ci/i = 1, . . . ,k′} in G. 
Now, we consider the problem
(Pk)
{−p(u)+ c(x)|∇u|p−1 + F (x,u) = 0,
u/∂Ω = k.
Theorem 3.3. Assume that there is q > p−1 such thatΛ1(x) := infu>0 F (x,u)uq > 0 and infΛ1 > 0. Then, the problem (Pk) has a weak
solution u, which satisﬁes
u  Me
1
v0
with
M :=
(
λ∞
infΛ1
(
2p
(q − p + 1)e
)2p) 1q−p+1
.
Proof. Let Ωn be a sub-smooth-domain which satisﬁes Ωn ⊂ Ωn ⊂ Ω and d(∂Ωn, ∂Ω) → 0, as n → ∞. We consider the
problem(
Pnk
) {−p(u)+ c(x)|∇u|p−1 + F (x,u) = 0,
u/∂Ωn = k.
Putting v = u − k, we see that v satisﬁes(
P ′n
) {−p(v)+ c(x)|∇v|p−1 + F (x, v + k) = 0,
v/∂Ωn = 0.
We recall that v0 is a solution of the problem (2.2) and we put w2 := Me
1
v0 . Using the fact that
s2pe
q−p+1
s 
(
q − p + 1
e
)2p
, ∀s ∈ R+,2p
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−p(w2)+ c|∇w2|p−1 + F (x,w2) 0, (3.4)
and easily we remark
−p(−k) + c
∣∣∇(−k)∣∣p−1 + F (x,−k + k) 0. (3.5)
By using the fact that w2 = ∞ on ∂Ω , we get w2 − k 0 on ∂Ωn , for n suﬃciently large. Since ∇w2 ∈ Ł∞(Ωn), we deduce
that the solutions w2 − k and −k are, respectively, super-solution and sub-solution of the problem (P ′n). On the other hand,
we take
h(x,u,∇u) = c(x)|∇u|p−1 + F (x,u + k)
then ∣∣h(x,u,∇u)∣∣ K (x)+ ‖c‖∞,Ωn |∇u|p−1,
where −k < u < w2 − k and K (x) = F (x,‖w2‖∞,Ωn ). From the continuity of the function F (.,‖w2‖∞,Ωn ) in Ω , we have
K ∈ Lt(Ωn) for all t > p∗/p′ . In view of Theorem 2.1 we deduce that the problem (P ′n) admits a solution between −k and
w2 − k. Thus, the problem (Pnk ) admits a solution un such that 0 un  w2. Now, we deﬁne
vn =
{
un in Ωn,
k in Ω \Ωn.
We remark that L(k) L(un) = 0, in Ωn and un = k on ∂Ωn . In view of Lemma 3.2, |∇un| ∈ L∞loc(Ωn). Then, the maximum
principle gives un  k, for all large n ∈ N. Thus, un+1  k. Since L(un+1) = L(un) = 0 in Ωn and un = k  un+1 on ∂Ωn , by
using again the maximum principle, we obtain un+1  un . Thereby, we deduce that vn is decreasing and since 0  vn 
max{k,w2}, it follows that there is a function w such that vn → w .
Fixing D ⊂ D ⊂ Ω , there exists n0 ∈ N such that for any n > n0, D ⊂ Ωn0 ⊂ Ωn . Deﬁne the function test as ψ = vnθ p
with θ = 1 in D , 0< θ < 1 and θ ∈ C∞c (Ωn0 ). Then〈
p(vn),ψ
〉= − ∫
Ωn0
|∇vn|pθ p dx− p
∫
Ωn0
|∇vn|p−2θ p−1vn∇vn∇θ dx
= −
∫
Ωn0
|∇un|pθ p dx− p
∫
Ωn0
|∇un|p−2θ p−1un∇un∇θ dx.
Thanks to 〈p(vn),ψ〉 = 〈p(un),ψ〉, 0 un  w2 and F (x, .) is non-decreasing, we deduce that∫
Ωn0
|∇un|pθ p dx p‖w2‖∞,Ωn0 ‖∇θ‖∞
∫
Ωn0
|∇un|p−1θ p−1 dx+ ‖w2‖∞,Ωn0
∫
Ωn0
θ p−1θ |c||∇un|p−1 dx
+ ‖w2‖∞,Ωn0
∫
Ωn0
θ F (x,w2)dx
 ‖w2‖∞,Ωn0
[
p‖∇θ‖∞ + ‖c‖∞,Ωn0
] ∫
Ωn0
|∇un|p−1θ p−1 dx+ ‖w2‖∞,Ωn0
∫
Ωn0
F (x,w2)dx
 |Ωn0 |
1
p ‖w2‖∞,Ωn0
[
p‖∇θ‖∞ + ‖c‖∞,Ωn0
]( ∫
Ωn0
|∇un|pθ p dx
) p−1
p
+ ‖w2‖∞,Ωn0
∫
Ωn0
F (x,w2)dx.
Then ∫
Ωn0
θ p|∇un|p dx C
[( ∫
Ωn0
|∇un|pθ p dx
) p−1
p
+
∫
Ωn0
F (x,w2)
]
,
therefore,∫
D
|∇un|p dx C
[( ∫
Ωn
|∇un|pθ p dx
) p−1
p
+
∫
Ωn
F (x,w2)
]
, (3.6)0 0
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∫
Ωn0
θ |∇un|p dx is bounded. It follows that
∫
D |∇un|p dx is also bounded.
Then ∇un → g in (Lp(D)N )′ . Moreover, since (w − un)n is monotone and (w − un) → 0,∣∣∣∣∫
D
(un − w)∇ϕ dx
∣∣∣∣ ∫
D
(w − un)|∇ϕ|dx → 0, ∀ϕ ∈ C∞c (D),
and hence∫
D
∇un.ϕ = −
∫
D
un.∇ϕ →
∫
D
g.ϕ = −
∫
D
w.∇ϕ dx.
Consequently, ∇w = g .
Letting G ⊆ G ⊂ Ω , there exist ϕ ∈ C∞0 (Ω) and n0 ∈ N such that for all n > n0, G ⊂ sϕ = {x ∈ Ω, ϕ(x) = 0} ⊂ Ωn . Set
N1 =
∫
sϕ
c|∇un|p−1(un − w)ϕ, N2 =
∫
sϕ
F (x,un)(un − w)ϕ,
N3 =
∫
sϕ
|∇w|p−2∇wϕ∇(un − w), N4 =
∫
sϕ
|∇w|p−2(un − w)∇w∇ϕ
and
N5 =
∫
sϕ
(|∇un|p−2∇un − |∇w|p−2∇w)(un − w)∇ϕ.
Hence∫
sϕ
(|∇un|p−2∇un − |∇w|p−2∇w)ϕ∇(un − w) = −N1 − N2 − N3 − N4 − N5.
Letting ψ = ϕ|∇w|p−2∇w be a test function, since (∇un)n converges weakly to ∇w , we get
N3 =
∫
sϕ
ψ(∇un − ∇w) → 0.
Note that (un)n is monotone, hence (|un − w|)n = (w − un)n is monotone. Thus, since w − un → 0 and from (3.6) (with
D = Sϕ ), we have that
∫
Sϕ
|∇un|p is bounded. It follows that
|N1| ‖c‖∞,sϕ
(∫
Sϕ
|∇un|p
) p−1
p
(∫
Sϕ
(w − un)p|ϕ|p
) 1
p
→ 0,
|N5|
[(∫
Sϕ
|∇un|p
) p−1
p
+
(∫
Sϕ
|∇w|p
) p−1
p
](∫
Sϕ
(w − un)p|∇ϕ|p
) 1
p
→ 0,
|N2|
∥∥F (.,‖w2‖∞,Sϕ )∥∥∞,Sϕ
∫
Sϕ
(w − un)|ϕ| → 0
and
|N4|
(∫
Sϕ
|∇w|p
) p−1
p
(∫
Sϕ
(w − un)p|∇ϕ|p
) 1
p
→ 0.
Letting n converge to ∞, we get∫
S
(|∇un|p−2∇un − |∇w|p−2∇w)ϕ∇(un − w) → 0, ∀ϕ ∈ C∞0 (Ω). (3.7)
ϕ
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Choosing ϕ = 1 in G and 0 ϕ  1, we obtain∫
sϕ
|∇un − ∇w|pϕ → 0.
This implies that
∫
G |∇un −∇w|p → 0. Then, we deduce that there exist h ∈ Lp(G) and a sub-sequence (|∇un −∇w|)n such
that h |∇un − ∇w| and |∇un − ∇w| → 0, a.e. in G . Then ∇un → ∇w a.e. in G . Hence,
|∇un|p−2∇un → |∇w|p−2∇w
and
c|∇un|p−1 → c|∇w|p−1
a.e. in G . Since (h(x)+ |∇w|)p−1  |∇un|p−1 and (h(.)+ |∇w|)p−1 ∈ L(G), the dominated convergence theorem gives∫
Ω
|∇un|p−2∇unρ →
∫
Ω
|∇w|p−2∇wρ, ∀ρ ∈ (C∞0 (G))N , (3.9)
and ∫
Ω
c|∇un|p−1ρ →
∫
Ω
c|∇w|p−1ρ, ∀ρ ∈ (C∞0 (G))N . (3.10)
In addition, in view of the monotonic of un and since u → F (x,u) is non-decreasing, we obtain that F (x,un) → F (x,w).
Using the fact that |F (x,un)| ‖F (.,‖w2‖∞,sϕ )‖∞,sϕ , we obtain that∫
Ω
F (x,un)ϕ →
∫
Ω
F (x,w)ϕ, (3.11)
and ﬁnally, from (3.9), (3.10) and (3.11) we obtain that w is a solution of the problem (Pk). 
Theorem 3.4.Make the same assumptions as in Theorem 3.3. Then the problem (1.1) admits a weak blow-up solution, which veriﬁes
u 
(
λ∞
infΛ1
(
2p
(q − p + 1)e
)2p) 1q−p+1
e
1
v0 .
Proof. Let uk ∈ W 1,p(Ω) be a weak solution of (Pk). In view of (3.4), w2 is a weak super-explosive solution of (P ). From
the maximum principle, 0 uk < uk+1  w2. We thus get uk → u with 0 u  w2. Let us consider a sub-domain G such
that G ⊆ G ⊂ Ω . From the fact that (uk)k , F (x, .) are non-decreasing, we have∫
G
F (x,uk)ϕ dx →
∫
G
F (x,u)ϕ dx, ∀ϕ ∈ D(Ω).
Consider a function ϕ ∈ D(Ω), with G ⊆ Sϕ = {ϕ = 0}, 0 ϕ  1 and ϕ = 1 in G . Take ϕun as a test function. Then,
0
〈
pun − c(x)|∇un|p−1,ϕun
〉= −∫
Sϕ
|∇un|pϕ dx+ γn,
with γn = −
∫
Sϕ
|∇un|p−2∇un∇ϕun −
∫
Sϕ
c(x)|∇un|p−1ϕun . Therefore, by 0 un  w2, we have that∫
Sϕ
|∇un|pϕ dx
(∫
Sϕ
|∇un|pϕ
) p−1
p
[
p‖w2‖∞,Sϕ
(∫
Sϕ
∣∣∇(ϕ 1p )∣∣p) 1p + ∥∥cw2ϕ 1p ∥∥∞,Sϕ |Sϕ | 1p
]
,
hence (∫
S
|∇un|pϕ dx
) 1
p
 p‖w2‖∞,Sϕ
(∫
S
∣∣∇(ϕ 1p )∣∣p) 1p + ∥∥cw2ϕ 1p ∥∥∞,Sϕ |Sϕ | 1p .
ϕ ϕ
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Sϕ
|∇un|pϕ dx is bounded. It follows that
∫
G |∇un|p dx is also bounded. Thereby, we can choose a subse-
quence, still denoted by ∇uk , such that ∇uk → g in Lp(G)′ . The remainder of the proof is the same as that in the proof of
Theorem 3.3. Indeed, since uk is non-decreasing and uk → u, we get∣∣∣∣∫
Ω
(uk − u)∇ϕ
∣∣∣∣< ∫
Ω
(u − uk)|∇ϕ| → 0
for all ϕ ∈ D(G). Thus∫
Ω
∇uk.ϕ =
∫
Ω
uk.∇ϕ →
∫
Ω
g.ϕ = −
∫
Ω
u.∇ϕ,
and we deduce that ∇u = g . From (3.9) and (3.10), we ﬁnd that∫
Ω
|∇un|p−2∇unρ →
∫
Ω
|∇u|p−2∇u∇ϕ, ∀ϕ ∈ D(Ω), (3.12)
and ∫
Ω
c|∇un|p−1ρ →
∫
Ω
c|∇u|p−1ϕ, ∀ρ ∈ D(Ω). (3.13)
Finally, u is a weak explosive solution of the problem (1.1). 
Theorem 3.5. Assume that there is q p − 1 such that Λ2(x) := supu>0 F (x,u)uq ∈ L∞(Ω). The problem (1.1) has no blow-up solution.
Proof. We proceed by contradiction. Suppose that there exists a positive solution of (1.1), denoted by w . We deﬁne v(x) =
ln(1+ w) (see [21]). Then, an easy computation gives
p v −(p − 1)
( |∇w|
(1+ w)
)p
+ ‖c‖∞,Ω
( |∇w|
(1+ w)
)p−1
+ ‖Λ2‖∞,Ω w
q
(1+ w)p−1 .
Since q p − 1 and p > p − 1, we can ﬁnd two constants K1 and K2 such that
−(p − 1)
( |∇w|
(1+ w)
)p
+ ‖c‖∞,Ω
( |∇w|
(1+ w)
)p−1
 K1
and
wq
(1+ w)p−1  K2,
hence
p v  K1 + K2‖Λ2‖∞,Ω .
Let Ωn be a sub-domain of Ω such that Ωn ⊂ Ωn ⊂ Ω and d(∂Ωn, ∂Ω) → 0. Given A > K1 + K2‖Λ2‖∞,Ω , the function
v = (p−1)p ( AN )
1
p−1 |x|p/(p−1) is a solution of pu = A in RN (see [10] and the references therein). Therefore, −p v −p v .
Using the fact that w(x) → +∞, as d(x, ∂Ω) → 0, we obtain that there exits n0 such that v > ‖v‖∞,Ω , on ∂Ωn , as soon as
n > n0. Thereby, according to the maximum principle we obtain
v(x) = ln(1+ w(x)) (p − 1)
p
(
A
N
) 1
p−1
|x|p/(p−1) in Ωn
as soon as n > n0. Consequently,
v(x) = ln(1+ w(x)) (p − 1)
p
(
A
N
) 1
p−1
|x|p/(p−1) in Ω.
Letting A → ∞, we deduce v = ∞, which is a contradiction. 
Theorem 3.6. Suppose that there exist a sub- and super-solution of the problem (1.1) satisfying v(x) − v(x)→0, as d(x, ∂Ω)→0.
Then, problem (1.1) has at most a positive solution.
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domain which satisﬁes Ωn ⊂ Ωn ⊂ Ω and d(∂Ωn, ∂Ω) → 0, as n → ∞. Consider D ⊂ Ω . Given ε > 0. Since v(x)− v(x)→0,
as d(x, ∂Ω)→0, and v  ui  v , i = 1,2, we have u1(x) − u2(x)→0, as d(x, ∂Ω)→0. Then, there is n ∈ N such that D ⊂ Ωn ,
u2(x) < u1(x)+ε and u1(x) < u2(x)+ε, on ∂Ωn . It is clear that L(u1) = L(u2) = 0 in Ωn . Thus by the maximum principle we
deduce that u1  u2 + ε in Ωn . By the same way we show that u2  u1 + ε, in Ωn . Therefore, u1  u2 + ε and u1  u2 + ε
in D . Letting ε→0 gives u1 = u2. 
4. Examples
Now, we introduce some examples.
Example 1. In this example we establish weak solutions of the singular boundary value problem{
pu = Λ(x)uq in Ω,
u = ∞ on ∂Ω (4.1)
with q > 1, Λ ∈ C(Ω) and Λ> 0.
Theorem 4.1. Problem (4.1) has a positive solution if and only if q > p − 1.
Proof. From Theorems 3.3 and 3.5, the problem (4.1) has a positive solution if and only if q > p − 1.
Deﬁne
M =
{
1
infΛ
(
p
q − p + 1
)p−1∥∥∥∥ q + 1q − p + 1 (p − 1)|∇v0|p + v0
∥∥∥∥∞,Ω
} 1
q−p+1
,
and
m =
{(
p − 1
q − p + 1
)p−1
inf
x∈Ω
{
q
q − p + 1 (p − 1)
|∇v0|
v0
p−1
+ 1
}
1
supΛ
} 1
q−p+1
.
Let v = Mv−
p
q−p+1
0 and v =mv
− p−1q−p+1
0 . We thus get
p v Λ(x)vq in Ω
and
p v Λ(x)vq in Ω.
According to Theorem 3.1, we have v  u  v . 
Example 2. In this second example, we will consider a function F which is not a function with separate variables. In fact,
the example is as follows:{
pu +
∣∣c(x)∣∣|∇u|p−1 = u + |x| + 2
u + |x| + 1 f (u) in Ω,
u = ∞ on ∂Ω,
(4.2)
where f is a non-decreasing function satisfying
Λ1 = inf
u0
f (u)/uq > 0, Λ2 = sup
u0
f (u)/uq < ∞.
Theorem 4.2. Problem (4.2) has a positive solution if and only if q > p − 1.
Proof. Let
M =
{
1
Λ1
(
p
q − p + 1
)p−1∥∥∥∥ q + 1q − p + 1 (p − 1)|∇v0|p + v0 + |c|w|∇w|p−1
∥∥∥∥∞,Ω
} 1
q−p+1
,
and
m =
{
1
(
p − 1 )p−1
inf
{
q
(p − 1) |∇v0|
p
+ 1+ |c||∇v0|p−1
}} 1
q−p+1
.2Λ2 q − p + 1 x∈Ω q − p + 1 v0
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p
q−p+1
0 and v = mv
− p−1q−p+1
0 are a sub-solution and super-solution of the problem
(4.2), respectively. By using again Theorems 3.3 and 3.5, we obtain the result. 
Remark 4.3. Let us note that we can have v0 explicitly if Ω = B(0, R). Indeed, we know that the radial solutions of the
problem p v0 = 1 in the ball B(0; R) and v0 = 0 on ∂B(0, R), satisfy the differential equation{(∣∣u′∣∣p−2u′)′ + N − 1
r
∣∣u′∣∣p−2u′ = 1,
u(R) = 0,
(4.3)
with r = |x|. Thus, we obtain
v0(x) = u(r) =
(
1
N + 1
)p−1 p − 1
p
(
R
p
p−1 − |x| pp−1 ).
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